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The aim of the present paper is to give an explicit description for all the left cells
of the Weyl group W of type E8. We ﬁrst ﬁnd a representative set  for the left
cells of W and then use it to describe these cells. Our results show that most of the
left cells in W can be characterized by their generalized τ-invariants alone. Then
the remaining ones (which are called exceptional left cells) are characterized by the
generalized τ-invariants together with the a-values. © 2000 Academic Press
1. INTRODUCTION
Let W be a Coxeter group with S its distinguished generator set. Cells
of W have been studied extensively since they were introduced by Kazhdan
and Lusztig in [10]. The representations afforded by cells play an important
role in the representation theory of the associated Hecke algebra. In par-
ticular, when W is either a Weyl group or an afﬁne Weyl group these rep-
resentations play further an important role in the representation theory of
the corresponding algebraic groups over the complex number ﬁeld or over a
p-adic number ﬁeld. To understand well the relevant representation theory,
it is desirable to have an explicit description for the cells of W and to know
more properties of these cells. When W is an irreducible ﬁnite Coxeter
group, the cells of W have been described explicitly except for the case of
type E8. The case of the Weyl groups of classical types was worked out by
Kazhdan and Lusztig, Barbasch and Vogan, and Garﬁnkle in the combina-
torial way (see [3, 4, 7–10]). Then the cases of types H4 (including H3) and
F4 were treated by Alvis and Lusztig and by Takahashi, respectively, whose
results were based on the knowledge of all the Kazhdan–Lusztig polyno-
mials of W calculated by some computer programs (see [1, 22]). The case
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of dihedrel groups (including the type G2 case) is easy to deal with since
all the Kazhdan–Lusztig polynomials for these groups are either 0 or 1.
The cases of types E6 and E7 were worked out by Tong (see [23]) and
Chen and Shi (see [6]) respectively; the cell information in these groups
was obtained by applying Shi’s algorithm (see Algorithm 3.8) through which
the computation of nontrivial Kazhdan–Lusztig polynomials was completely
avoided. In the present paper, we will describe the left cells of the Weyl
group W = W E8 of type E8 explicitly. We ﬁrst ﬁnd a representative set
of left cells (an l.c.r. set, for short) which occurs as the vertex sets of cer-
tain graphs. Then we use the concept of the generalized τ-invariant (alone
or together with Lusztig’s a-function) to describe the left cells of W . The
generalized τ-invariant is a very important invariant for a left cell and can
be chased in the graphs containing its representative elements. The gener-
alized τ-invariants characterize all the left cells of W in many cases, e.g.,
types An (n 1), Bm (m 2, E6, F4, and G2, but not in the cases of types
Dk (k 4) and E7. From the results obtained in this paper, we see that
the generalized τ-invariants alone can characterize most of the left cells of
W E8 but with some exceptions which have to be described together with
their a-values.
Our main tool for ﬁnding a representative set of left cells of W E8
is Algorithm 3.8. It was ﬁrst introduced by Shi in [17] and then improved
in [20] by reﬁning the original process B in the algorithm into two processes
B, C and setting the priority to A and then to B, C in turn. This algorithm
enables us to avoid the complicated calculation of Kazhdan–Lusztig poly-
nomials to a great extent. Algorithm 3.8 has been applied extensively to the
cases of afﬁne Weyl groups as well (see [15, 17–20, 24]). In the case of a
Weyl group, the number of left cells in a two-sided cell and the upper bound
for the number of elements in a left cell are known. Thus, this algorithm
can be simpliﬁed signiﬁcantly since we can avoid performing Process C, the
most difﬁcult part of the algorithm. Additionally, there are two important
concepts in [20], a left cell graph and an essential graph associated to an
element of W . The left cell graphs exhibit the generalized τ-invariants for
the left cells of W . The essential graphs can do more, whenever they exist;
they provide an l.c.r. set for certain left cells of W , in addition.
The group W E8 has 214 · 35 · 52 · 7 elements, and the largest left cell
graph of W E8 contains 5375 vertices. So it is very difﬁcult to perform
Algorithm 3.8 solely by hand. To speed up our computation, we designed a
series of computer programs, including ones to perform Processes A and B,
for comparison of the generalized τ-invariants of elements of W E8 and
for displaying A-saturated graphs locally. These programs work so well that
we can avoid the tedious work of drawing left cell graphs by hand. We would
be pleased to provide these programs upon request.
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The contents of the paper are organized as follows. Section 2 serves as
the preliminaries; we assemble some notions and results on the cells of a
Coxeter group, in particular, of a Weyl group there. We state the algorithm
for ﬁnding an l.c.r. set in Section 3 and introduce some concepts related
to graphs in Section 4. These graphs can facilitate the description of left
cells. Then in the subsequent sections we focus our attention on the Weyl
group W E8. Some known results on W E8 are collected in Section 5.
Sections 6 and 7 form the main body of the paper. We ﬁnd an l.c.r. set
for each two-sided cell of W E8 in Section 6. Our results suggest that the
generalized τ-invariants characterize most of the left cells of W E8 but
with some exceptions. Finally, we provide a criterion in Section 7 for two
elements in exceptional left cells lying in the same left cell of W E8.
I greatly appreciate the kind help of Professor Jian-yi Shi during the
preparation of this paper. He also provided me with some of his unpub-
lished results which enabled me to accomplish the computation. I also thank
Professor Matthew Dyer for his encouragement.
2. PRELIMINARIES
21 Let W be a Coxeter group with S its distinguished generator set.
Let  be the Bruhat order and l the length function on W . Let  = q
be the polynomial ring in an indeterminate q with integer coefﬁcients. To
each pair x y in W we associate Px y ∈ , called a Kazhdan–Lusztig
polynomial (see [10]), which satisﬁes degPx y  1/2ly − lx − 1 for
x < y, Pxx = 1, and Px y = 0 for x y. Two elements x 	= y in W are
joined, written x—y, if either degPx y or degPy x reaches its upper bound
1/2
ly − lx
 − 1, where 
z
 denotes the absolute value of z. For any
x ∈ W and s ∈ S, we always have x—xs (see [10]).
22 Let w = s ∈ S 
 sw < w and w = s ∈ S 
 ws < w for
any w ∈ W .
For x y ∈ W , we write x  L y (resp. x  R y) if there exists a sequence
of elements x = x0 x1     xn = y in W such that xi−1 − xi and xi−1 	⊆
xi (resp. xi−1 	⊆ xi for each i, 1 in. We write x LRy if
there exists a sequence of elements x = x0 x1     xn = y in W such
that either xi−1  L xi or xi−1  R xi holds for each i, 1 in. We write
x∼L y (resp. x∼R y, resp. x∼LR y) if x  L y  L x (resp., x  R y  R x,
resp. x  LR y  LR x). Then ∼L (resp. ∼R, resp. ∼LR) is an equivalence
relation on W . The corresponding equivalence classes are called left (resp.
right, resp. two-sided) cells of W (see [10]).
Two immediate consequences follow from the above deﬁnition.
(1) Each left cell (resp. right cell) of W is entirely contained in a
unique two-sided cell of W .
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(2) If  is a left cell in a two-sided cell  of W , then the set −1 =
x−1 
 x ∈  is a right cell in .
The preorder relation  L (resp.  R, resp.  LR) on the elements of W
gives rise to a partial order relation on the left (resp. right, resp. two-sided)
cells of W . By [10, Proposition 2.4], for x y ∈ W , the preorder relation
x  L y (resp. x  R y) yields the inclusion y ⊆ x (resp. y ⊆
x). In particular, if x∼L y (resp. x∼R y), then x = y (resp.
x = y. So for any left cell  of W , we may deﬁne  to be
x for any x ∈ .
23 From now on, we assume that W is an irreducible Weyl group.




 for any z ∈ W , where  + is a positive root system
associated to W and 
X
 denotes the cardinality of a set X.
(2) x  LR y implies ax ay. In particular, x∼LR y implies
ax = ay. So we can deﬁne the a-value a of a left (resp. right, resp.
two-sided) cell  of W by ax for any x ∈ .
Let Wi = w ∈ W 
 aw = i for any i, 0 i 
 +
. By (1) and (2)
above, the set Wi is either empty or a union of some two-sided cells of W .
(3) For any I ⊆ S, let wI be the longest element in the (standard
parabolic) subgroup WI of W generated by I. Then awI = lwI.
(4) If Wi contains an element of the form wI for some I ⊆ S, then
w ∈ Wi 
 w = I forms a single left cell of W .
The following result, due to Barbasch and Vogan, and Lusztig, establishes
a relation between the two-sided cells of a Weyl group W and the special
unipotent classes of the corresponding algebraic group G.
2.4. Theorem (cf. [3–5, 11]). Let G be a connected reductive complex
algebraic group of the type dual to that of W .
(1) There exists a bijection  → u from the set of two-sided cells
in W to the set of special unipotent conjugacy classes in G. This bijection
satisﬁes the equation a = dimu, where u is an element in u and
dimu is the dimension of the variety of Borel subgroups of G containing u.
(2) The number n of left cells in a two-sided cell  of W is equal
to the degree d of the corresponding special representation of W .
The data concerning dimu and d in Theorem 2.4 are known for
any unipotent element u in G and any two-sided cell  in W , which can be
found in [5]. These data will be used to simplify our process for ﬁnding an
l.c.r. set for a two-sided cell of W .
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25 Now assume further that W is an irreducible Weyl group of simply-
laced type, that is, for any s 	= t in S the order ost of the product st in W
is at most 3, or equivalently, W is of type A, D, or E.
Given s t ∈ S with ost = 3, a set of the form ys yst is called an
s t-string (or just a string), where y ∩ s t =  (see [12]). We
denote x = z∗ or z = x∗ if x z is a string.
Two elements x y ∈ W form a primitive pair if there exist two sequences
of elements x0 = x x1     xn and y0 = y y1     yn in W satisfying the
following conditions.
(a) For each i, 1 in, there exist some si, ti ∈ S with ositi = 3
such that both xi−1 xi and yi−1 yi are si ti-strings.
(b) xi—yi for some (and then for all, under the condition (a)) i,
0 in.
(c) Either x 	⊆ y and yn 	⊆ xn or y 	⊆ x and
xn 	⊆ yn hold.
In particular, we have x∼R y if x y is a primitive pair.
3. ALGORITHM
In Sections 3 and 4, we assume W to be an irreducible Weyl group of
simply-laced type (see 2.5).
31 For each element x ∈ W , we denote by Mx the set of all ele-
ments y such that there is a sequence of elements x = x0, x1     xn = y
in W with some n 0, where xi−1 xi is a string for each i, 1 in.
Mx has the following nice property.
3.2. Proposition. Let x be an element of a two-sided cell  of W . Then

 ∩Mx
 is constant for all left cells  of W with  ∩Mx 	= .
Proof. Let 1 and 2 be two distinct left cells of W such that 1 ∩
Mx = x1     xm, 2 ∩Mx = y1     yn for some mn > 0. We
must showm = n. By the deﬁnition of the setMx, we may assume without
loss of generality that x1 y1 is an s t-string for some s t ∈ S with
ost = 3. Then x∗1     x∗m are pairwise distinct in 2 ∩Mx by [12], where
xi x∗i , 1 im, are all s t-strings. This implies mn. By symmetry,
we can show nm, forcing m = n. This proves our result.
33 We say that a set  of left cells of W is represented by a set K ⊆ W
if  is the set of all left cells  of W with  ∩ K 	= . K is called a
representative set for , if K represents  with 
K ∩ 
 = 1 for any  ∈ .
The algorithm is based on the the following result.
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3.4. Theorem [17, Theorem 3.1]. Let  be a two-sided cell of W . Then
a non-empty subset K ⊆  is a representative set for left cells (an l.c. r. set,
for short) of W in  if K satisﬁes the following conditions.
(1) xL y for any x 	= y in K;
(2) If an element y ∈ W is such that there is some element x ∈ K with
y − x, y 	⊆ x, and ay = ax, then y ∼L z for some z ∈ K.
35 A subset K ⊆ W is distinguished if K 	=  and xL y for any
x 	= y in K.
36 By [10, 2.3f], we know that the relations y—x and y 	⊆ x
hold if and only if one of the following cases occurs:
(a) x y is a string (see 2.5);
(b) y = x · s for some s ∈ S with y  x, where by the notation
a = b · c (a b c ∈ W ) we mean a = bc and la = lb + lc;
(c) y < x, y—x and y  x.
According to the above facts, the following three processes were designed
on a nonempty subset P of a two-sided cell of W (see [20]).




Process B. For each x ∈ P , let
Bx =
{
y ∈ W 
 y−1x ∈ Sy  x ay = ax}
and B = P ∪ ⋃x∈P Bx. Take the largest possible subset Q from B with Q
distinguished.
Process C. For each x ∈ P , let
Cx =
{
y ∈ W 
 y < x y—xy  x ay = ax}
and deﬁne C = P ∪ ⋃x∈P Cx. Take the largest possible subset Q from C
with Q distinguished.
37 A subset P of W is A-saturated (resp. B-saturated, resp. C-
saturated) if the Process A (resp. B, resp. C) on P cannot produce any
element z satisfying zL x for all x ∈ P .
Clearly, a set of the form
⋃
x∈K Mx for any nonempty K ⊆ W is always
A-saturated.
It follows from Theorem 3.4 that an l.c.r. set of W in a two-sided cell 
is exactly a distinguished subset of  which is A-, B-, and C-saturated. In
order to get such a subset, we perform the following algorithm.
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3.8. Algorithm [20, 2.7]. (1) Find a non-empty subset P of  (we
take P to be distinguished to avoid unnecessary complication whenever
possible).
(2) Perform Processes A, B, and C alternately on P until the resulting
distinguished set cannot be further enlarged by these three processes.
4. GRAPHS
To facilitate the description of left cells, we collect in this section some
concepts of graphs introduced in [19, 20].
41 By a graph  we mean a set M of vertices together with a set of
edges where each edge is a two-element subset of M and each vertex is
labeled by some subset of S.
Let  and ′ be two graphs with vertex sets M and M ′, respectively.
They are isomorphic, written ∼=′, if there exists a bijective map η from
M to M ′ satisfying the conditions
(a) The labeling of x is the same as that of ηx for any x ∈M .
(b) For x y ∈M , x y is an edge of  if and only if ηx ηy
is an edge of ′.
This is evidently an equivalence relation on graphs.
42 We deﬁne a graphx associated to an element x ∈ W as follows.
Its vertex set is Mx and its edge set consists of all the strings in Mx.
Each vertex y ∈Mx is labeled by the set y.
A left cell graph associated to an element x ∈ W , written Lx, is by
deﬁnition a graph whose vertex set MLx consists of all left cells  of W
with  ∩Mx 	= . Two vertices  ′ ∈ MLx are joined by an edge if
there are two elements y ∈ Mx ∩  and y ′ ∈ Mx ∩ ′ with y y ′ an
edge of x. Each vertex  of Lx is labeled by the common labeling
of elements of Mx ∩ . (This makes sense by 2.2.)
43 Let  and ′ be two graphs with N and N ′ the corresponding
vertex sets. We say that ′ is opposite to  (up to isomorphism), written
′ ∼= op, if there exists a bijective map φ from N to N ′ satisfying that for
any x y ∈ N ,
(a) φx = S \x;
(b) x y is an edge of  if and only if φx φy is an edge of ′.
Clearly, the relation of two graphs being opposite is symmetric:  ∼=
opop.
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44 By a path in the graph x we mean a sequence of vertices
z0 z1     zn in Mx such that zi−1 zi is an edge of x for any i,
1 in. Two elements x x′ ∈ W have the same generalized τ-invariants,
if for any path z0 = x z1     zn in the graph x, there is a path z′0 =
x′ z′1     z
′
n in x′ with z′i = zi for every i, 0 in, and if the
same condition holds when we interchange the roles of x with x′.
Then we have the following known result.
4.5. Proposition [20, Proposition 3.10]. (a) The elements in the same
left cell of W have the same generalized τ-invariant.
(b) If x∼L y in W , then the left cell graphs Lx and Ly are
isomorphic.
Proposition 4.5 has the following
4.6 Corollary. Given x ∈ W and y ∈ Mx, we deﬁne a set Mxy =
z ∈Mx 
 z = y. Then
(1) Mxy ∩  =Mx ∩  for each left cell  of W with Mxy ∩  	= .
(2) If all the elements of Mxy have pairwise different generalized
τ-invariants, then Mx is distinguished.
Proof. (1) Let  be a left cell of W with Mxy ∩  	= . Choose some
z ∈Mxy ∩ . For each w ∈Mx ∩ , since z and w lie in the same left cell
, we have w = z = y, namely, w ∈ Mxy ∩ . So Mx ∩  ⊆
Mxy ∩ . On the other hand, Mxy ∩  is a subset of Mx ∩ . We see
Mxy ∩  =Mx ∩ .
(2) Let  be a left cell of W with Mx ∩  	= . Choose some
left cell ′ with Mxy ∩ ′ 	= . Any two elements of Mxy have different
generalized τ-invariants, so they must belong to the different left cells. By







 = 1. Therefore, Mx is distinguished.
This corollary will be applied frequently to determining the distinguished-
ness of Mx in Section 6.
5. SOME RESULTS ON THE WEYL GROUP W E8
51 In the remaining three sections we assume that W = W E8, the
Weyl group of type E8. Let  + be the positive root system of W determined
by a simple root system 2 = αi 
 1 i 8, where the indices of simple
left cells in W E8 813
roots are compatible with the Dynkin diagram
Then S = si 
 1 i 8 is the set of Coxeter generators of W , where
si = sαi , 1 i 8, is the simple reﬂection with respect to the root αi in the
euclidean space spanned by 2.
We will also denote si by i (1 i 8) for brevity. For any subset I =
i1     ik of S, the notation wi1ik stands for the longest element in the
(standard parabolic) subgroup WI of W (see 2.3 (3)).
52 By Theorem 2.4(1) and the results in [5, 11], we have Wi 	=  if
and only if i ∈ 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 20, 21,
22, 23, 24, 25, 26, 28, 30, 31, 32, 36, 37, 42, 46, 47, 52, 63, 74, 91, 120.
There are 46 two-sided cells in W altogether. In Table I, we list for each
two-sided cell  of W the value a (see 2.3(2)), the number n of left
cells contained in , and the corresponding special unipotent class u
of the algebraic group of type E8, where u is represented by the type
of the reductive part of the connected centralizer Cu◦ for any u ∈ u
(see [5, Chap. 13]).
5.3. Theorem (cf. [5, 10, 11]) (1) The map ρ x → w0x in W induces
an order-reversing involutive permutation (also denoted by ρ) on the set of left
(resp. right, resp. two-sided) cells of W with respect to the partial order  L
(resp.  R, resp.  LR) (see 2.2), where w0 is the longest element in W .
(2) Two-sided cells in the same row of Table I form a ρ-orbit.
(3) ρ maps an l.c. r. set of a two-sided cell  to an l.c. r. set of ρ.
(4) ρ induces a bijective map from the vertex set ML of a left cell graph
L in a two-sided cell  to the vertex set ρML of a left cell graph ρL
in the two-sided cell ρ such that  ′ is an edge of L if and only if
ρ ρ′ is an edge of ρL. Moreover, we have w0x = S \x
for any x ∈ W , and so ρL ∼=opL .
By the above theorem, it sufﬁces to consider one two-sided cell in each
ρ-orbit or, equivalently, all the two-sided cells  of W with a 20.
54 In applying Algorithm 3.8, we need to determine the set x for
any x ∈ W . This can be achieved easily by using the alcove form of x
(see [21]).
The alcove form of an element x ∈ W is by deﬁnition a  -tuple kxαα∈ 




 u a n  u a n
W0 E8 0 1 W120 1 120 1
W1 E8a1 1 8 W91 A1 91 8
W2 E8a2 2 35 W74 2A1 74 35
W3 E8a3 3 112 W63 A2 63 112
W4 E8a4 4 210 W52 A2 +A1 52 210
W5 E8b4 5 560 W47 A2 + 2A1 47 560
6 1 E7a1 6 567 W46 A3 46 567
6 2 E8a5 6 700 W42 2A2 42 700
W7 E8b5 7 1400 W37 D4a1 37 1400
W8 E8a6 8 1400 W32 D4a1 +A1 32 1400
W9 D7a1 9 3240 W31 A3 +A2 31 3240
10 1 E7a3 10 2268 W30 A4 30 2268
10 2 E8b6 10 2240 W28 D4a1 +A2 28 2240
W11 E6a1 +A1 11 4096 W26 A4 +A1 26 4096
12 1 E6 12 525 W36 D4 36 525
12 2 D7a2 12 4200 W24 A4 + 2A1 24 4200
13 1 E6a1 13 2800 W25 D5a1 25 2800
13 2 D5 +A2 13 4536 W23 A4 +A2 23 4536
14 1 E7a4 14 6075 22 1 D5a1 +A1 22 6075
14 2 A6 +A1 14 2835 22 2 A4 +A2 +A1 22 2835
15 1 D6a1 15 5600 21 1 E6a3 21 5600
15 2 A6 15 4200 21 2 D4 +A2 21 4200
W16 E8a7 16 4480
W20 D5 20 2100
(i) kx−α = −kxα for any α ∈  ;
(ii) keα = 0 for α ∈  , where e is the identity element of W ;




0 if α 	= ±αi;
−1 if α = αi;
1 if α = −αi
Clearly, we have kxα ∈ 0−1 and 6−α i = −6α i for any α ∈  + and
1 i 8. It is known that x = si 
 kxαi = −1 1 i 8 and lx =∑
α∈ +−kxα.
The next lemma was used in designing our computer programs.
5.5. Lemma. For any w ∈ W and α ∈  +, one has kw0wα = −kwα − 1.
Proof. We prove this lemma by induction on lw 0. When lw = 0,
i.e., w = e, we have lw0 =
∑
α∈ +−kw0α  = 
 +
. This implies kw0α = −1 =
−keα − 1 for all α ∈  +. Now suppose that we have shown kw0wα = −kwα − 1
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for some w < w0. Let w′ = w · si for some i, 1 i 8 (see 3.6(b)). By
5.4(iii), we have that for any α ∈  +,
kw0w
′
α = kw0wsiα = kw0wsiα + 6αi(5.5.1)
If α 	= αi, then α siα ∈  + \ αi and hence 6α i = 6siα i = 0. So by the
inductive hypothesis and 5.4(iii), (5.5.1) becomes
kw0w
′
α = −kwsiα − 1 = −k
w′
α − 1(5.5.2)
If α = αi, then 6αi i = −1 and hence (5.5.1) becomes
kw0w
′
α = −kw0wαi + 6αi i = kwαi + 1+ 6αi i(5.5.3)




by inductive hypothesis and 5.4(i, iii). This completes our proof.
56 In the performance of three processes in Algorithm 3.8, A is the
simplest one and C is the most complicated one. So in applying Algo-
rithm 3.8 we prefer to perform Process A ﬁrst and then to perform Process
B when Process A becomes ineffective. Process C is performed only when
both Processes A and B are ineffective. As the number n of left cells
in each two-sided cell  of W is known, we need only ﬁnd a distinguished
subset (see 3.5) in  with the cardinality n. This can be achieved by
applying only Processes A and B in practice. We have designed a series of
computer programs to perform Processes A and B, to compare the gener-
alized τ-invariants of any two elements of W , and to display A-saturated
graphs locally. With these programs in hand and following the steps in the
next two sections, one can obtain all the required results in several hours.
6. LEFT CELLS OF W E8
Let W be the Weyl group of type E8. In this section, we apply Algo-
rithm 3.8 to ﬁnding an l.c.r. set in each two-sided cell  of W , which occurs
as the vertex sets of certain graphs. From this, we further get all the left cell
graphs for each . As mentioned in Section 5.6, we need only ﬁnd a distin-
guished subset in each  with cardinality n, and the distinguishedness
of an A-saturated set Mx (see 3.1) is always checked by applying 2.3(4)
and Corollary 4.6.
By Theorem 5.3, it sufﬁces to deal with the two-sided cells  with
a 20. For a given two-sided cell  of W , we always choose the ele-
ments of  of the form wI , I ⊆ S, as elements in the initial set for the
performance of Algorithm 3.8 whenever they are available. This method
always works except for the two-sided cell 14 2 (see Section 6.11). In that
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case, we use a new technique to ﬁnd a suitable initial element in 14 2
for the performance of Algorithm 3.8. We usually get the set Mx from
x ∈  by Process A. Then Process B is often applied to getting an ele-
ment y from  with y ∈  \Mx. We always make x y a primitive
pair (see 2.5). Fortunately, by applying Theorem 2.4(2), we can avoid
performing Process C in our case.
61 First consider all the two-sided cells  with a 4. Observe that
Wi is a single two-sided cell of W for i = 0 1 2 3 4. Furthermore, the
set Me (e is the identity element of W ), M1, and M12 form l.c.r.
sets for W0, W1, and W2 respectively by the fact that these sets are all
distinguished with the cardinalities equal to the numbers of left cells in the
corresponding two-sided cells of W (see Table I). The corresponding left
cell graphs are denoted by 10 , 
8
1 , and 
35
2 , respectively. Here and later
the upright index k in ki indicates the number of vertices in the graph.





 = 56. Applying 2.3(4) to the set Mw13, we can pick a
maximal distinguished subset Nw13 from Mw13 with cardinality 28. The
set Mw126 ∪Nw13 is distinguished with cardinality 112. Hence it forms
an l.c.r. set for W3 by Table I. Denote the left cell graph corresponding to
Mw126 by 843 and the one corresponding to Nw13 by 283 . Here and
later the letter  (resp. ) in ki (resp. 
k
i ) indicates that the left cell
graph comes from an essential (resp. a non-essential) graph.





 = 50. Applying 2.3(4) to the set Mw123, we can pick
a maximal distinguished subset Nw123 from Mw123 with cardinality 160.
The set Nw123 ∪ Mw1257 is distinguished with cardinality 210. So it
forms an l.c.r. set for W4 by Table I. Denote the left cell graph correspond-
ing to Nw123 by 1604 and the one corresponding to Mw1257 by 504 .
62 Let  = W5. We have w1236 ∈ W5 with 
Mw1236
 = 510. There
exists a unique element x1 in Mw1236 with x1 = 4 and lx1 = 15.
Take y1 = x1 · 7 (see 3.6 (b)). It is easy to see that x1 y1 is a primitive
pair and 
My1
 = 50. By Corollary 4.6, the set Mw1236 ∪My1 is dis-
tinguished with cardinality 560. So it forms an l.c.r. set for W5 by Table I.
The left cell graph corresponding to Mw1236 is denoted by 5105 and the
one corresponding to My1 is denoted by 505 .
63 The set W6 is a union of two two-sided cells 6 1 and 6 2.
By Table I, the numbers of left cells in 6 1 and 6 2 are 567 and 700,
respectively.
We have w1367, w12358 ∈ W6 with 
Mw1367
 = 600 and 
Mw12358
 =
350. Pick the unique element x2 inMw12358 with x2 = 4 and lx2 =
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18 such that there exists a path
4 —— 235 —— 236 —— 346 —— 146 —— 136 —— 135
in the graph w12358 with x2 the leftmost element. Set y2 = x2 · 7.
Then x2 y2 is a primitive pair with 
My2
 = 50. Applying 2.3(4)
to the set Mw1367, we can pick a maximal distinguished subset
Nw1367 from Mw1367 with cardinality 300. By Corollary 4.6, the
set Nw1367 ∪ Mw12358 ∪ My2 is distinguished with cardinality 700.
So it forms an l.c.r. set for 6 2. The left cell graphs corresponding to
Nw1367, Mw12358, and My2 are denoted by 3006 2, 3506 2, and 506 2,
respectively.
Since w245 ∈ W6 \6 2, we have w245 ∈ 6 1. The set Mw245 is distin-
guished with cardinality 567, which forms an l.c.r. set for 6 1. The corre-
sponding left cell graph is denoted by 5676 1.
64 W7 is a two-sided cell of W . We have w1346, w12367 ∈ W7
with 
Mw1346
 = 896 and 
Mw12367
 = 448. Pick the unique element
x3 in Mw1346 with x3 = 2 4 and lx3 = 12. Set y3 = x3 · 3.
Then x3 y3 is a primitive pair with 
My3
 = 168. By 2.3(4), both
Mw1346 and Mw12367 are distinguished. On the other hand, the set
y ∈ My3 
 y = 1 2 5 consists of three elements which have the
same generalized τ-invariant. Since 
Mw12367 ∪ Mw1346 ∪ My3
 =
1512 > 1400 = nW7 (see Table I), My3 cannot be distinguished. So we
conclude by Corollary 4.6 that 
 ∩My3
 = 3 for each left cell  of W7
with  ∩My3 	= . We can pick a maximal distinguished subset Ny3
with cardinality 56 from My3. The set Mw1346 ∪ Ny3 ∪Mw12367 is
distinguished with cardinality 1400. Hence it forms an l.c.r. set for W7.
The left cell graphs corresponding to Mw1346, Ny3, and Mw12367 are
denoted by 8967 , 
56
7 , and 
448
7 , respectively.
65 W8 is a two-sided cell of W . We have w13468, w123568 ∈ W8 with

Mw13468
 = 875 and 
Mw123568
 = 175. Take the unique element x4
in Mw13468 with x4 = 4 and lx4 = 17. Set y4 = x4 · 1. Then
x4 y4 is a primitive pair with 
My4
 = 1050. By 2.3(4), Mw13468 and
Mw123568 are both distinguished. The set y ∈My4 
 y = 1 6 con-
sists of three elements which have the same generalized τ-invariant. Since

Mw13468 ∪Mw123568 ∪My4
 = 2100 > 1400 = nW8 (see Table I),
we see by Corollary 4.6 that 
 ∩My4
 = 3 for each left cell  of W8
with  ∩My4 	= . We can pick a maximal distinguished subset Ny4
with cardinality 350 from My4. The set Mw13468 ∪Ny4 ∪Mw123568
is distinguished with cardinality 1400. It forms an l.c.r. set for W8. The left
cell graphs corresponding toMw13468, Ny4, andMw123568 are denoted
by 8758 , 
350




66 W9 is a two-sided cell of W . We have w13567 ∈ W9 with

Mw13567
 = 972. Take the unique element x5 in Mw13567 with
x5 = 4 and lx5 = 20. Set y5 = x5 · 1. Then x5 y5 is a prim-
itive pair with 
My5
 = 1218. Take the unique element x6 in My5
with x6 = 4 and lx6 = 26. Set y6 = x5 · 8. Then x6 y6
is a primitive pair with 
My6
 = 175. Take the unique element
x7 ∈ My6 with x7 = 4 and lx7 = 34. Set y7 = x7 · 3. Then
x7 y7 is a primitive pair with 
My7
 = 875. By Corollary 4.6, the set
Mw13567 ∪My5 ∪My6 ∪My7 is distinguished with cardinality 3240,
which forms an l.c.r. set for W9 by Table I. The left cell graphs corre-
sponding to Mw13567, My5, My6, and My7 are denoted by 9729 ,
12189 , 
175
9 , and 
875
9 , respectively.
67 W10 is a union of two two-sided cells 10 1 and 10 2. By Table I
we know that the numbers of left cells in 10 1 and 10 2 are 2268 and
2240, respectively.
We have w1234 ∈ W10 and 
Mw1234
 = 2592. Take the unique element
x8 in Mw1234 with x8 = 4 7 and lx8 = 24. Set y8 = x8 · 1. Then
x8 y8 is a primitive pair with 
My8
 = 972. Applying 2.3(4) to the
set Mw1234, we can pick a maximal distinguished subset Nw1234 with
cardinality 1296 from Mw1234. By Corollary 4.6, the set Nw1234 ∪My8
is distinguished with cardinality 2268, which forms an l.c.r. set for 10 1.
The left cell graphs corresponding to Nw1234 and My8 are denoted by
129610 1 and 
972
10 1, respectively.
We have w123567 ∈ W10 \10 1 with 
Mw123567
 = 651. Take the unique
element x9 in Mw123567 with x9 = 4 and lx9 = 30. Set y9 = x9 · 1.
Then x9 y9 is a primitive pair with 
My9
 = 840. Take the unique ele-
ment x10 in Mw123567 with x10 = 4 and lx10 = 21. Set y10 = x10 · 1.
Then x10 y10 is a primitive pair with 
My10
 = 574. Take the unique
element x11 in My10 with x11 = 4 and lx11 = 29. Set y11 = x11 · 7.
Then x11 y11 is a primitive pair with 
My11
 = 175. By Corollary 4.6, the
set Mw123567 ∪My9 ∪My10 ∪My11 is distinguished with cardinality
2240, which forms an l.c.r. set for 10 2. The left cell graphs correspond-
ing to Mw123567, My9, My10, and My11 are denoted by 65110 2, 840102,
57410 2, and 
175
10 2, respectively.
68 W11 is a two-sided cell of W . We have w12346 ∈ W11 with

Mw12346
 = 6890. Take the unique element x12 in Mw12346 with
x12 = 4 7 and lx12 = 25 such that there exists a path
47 —— 2357 —— 2367 —— 12467
in the graph w12346 with x12 the leftmost vertex. Set y12 = x12 · 1.
Then x12 y12 is a primitive pair with 
My12
 = 651. Applying 2.3(4) to
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the set Mw12346, we can pick a maximal distinguished subset Nw12346
with cardinality 3445 from Mw12346. The set Nw12346 ∪My12 is dis-
tinguished with cardinality 4096, which forms an l.c.r. set for W11 by
Corollary 4.6 and Table I. The left cell graphs corresponding to Nw12346
and My12 are denoted by 344511 and 65111 , respectively.
69 W12 is a union of two two-sided cells 12 1 and 12 2. From
Table I, we see that the numbers of left cells in 12 1 and 12 2 are 525
and 4200, respectively.
We have w124568, w134678 ∈ W12 with 
Mw124568
 = 5418 and

Mw134678
 = 840. Take the unique element x13 in Mw124568 with
x13 = 4 and lx13 = 26. Set y13 = x13 · 8. Then x13 y13 is a primi-
tive pair with 
My13
 = 651. Applying 2.3(4) to the set Mw124568, we can
pick a maximal distinguished subset Nw124568 with cardinality 2709 from
Mw124568. By Corollary 4.6, the set Nw124568 ∪My13 ∪Mw134678 is
distinguished with cardinality 4200, which forms an l.c.r. set for 12 2. The
left cell graphs corresponding to Nw124568, My13, and Mw134678 are
denoted by 270912 2, 
651
12 2, and 
840
12 2, respectively.
We have w2345 ∈ W12 \12 2. Then Mw2345 is distinguished with car-
dinality 525. Hence the set Mw2345 is an l.c.r. set for 12 1. The corre-
sponding left cell graph is denoted by 52512 1.
610 W13 is a union of two two-sided cells 13 1 and 13 2. By Table I,
we see that the numbers of left cells in 13 1 and 13 2 are 2800 and 4536,
respectively.
We have w123467 ∈ W13 with 
Mw123467
 = 3045. Since it is distin-
guished, the set Mw123467 must lie in the two-sided cell 13 2. Take the
unique element x14 in Mw123467 with x14 = 4 and lx14 = 34. Set
y14 = x14 · 8. Then x14 y14 is a primitive pair with 
My14
 = 651. The
set My14 is also distinguished by Corollary 4.6. On the other hand, we
know that w0W23 = 13 2 and w1234578 ∈ W23. So y15 = w0w1234578 is in
13 2 and 
My15
 = 840. The set Mw123467 ∪My14 ∪My15 is distin-
guished with cardinality 4536, which forms an l.c.r. set for 13 2. The left
cell graphs corresponding to Mw123468, My14, and My15, are denoted
by 304513 2, 
651
13 2, and 
840
13 2, respectively.
We have w23458 ∈ W13 \13 2 with 
Mw23458
 = 700. Take the unique
element x16 in Mw23458 with x16 = 4. Set y16 = x16 · 1. Then
x16 y16 is a primitive pair with 
My16
 = 2100. By Corollary 4.6, the
set Mw23458 ∪My16 is distinguished with cardinality 2800, which forms
an l.c.r. set for 13 1. The left cell graphs corresponding to Mw23458 and
My16 are denoted by 70013 1 and 210013 1, respectively.
611 W14 is a union of two two-sided cells 14 1 and 14 2. By Table I,
we see that the numbers of left cells in 14 1 and 14 2 are 6075 and 2835,
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respectively. There exists only one element of the form wI with lwI = 14.
This element belongs to exactly one of these two two-sided cells. To ﬁnd
an initial element of the Algorithm 3.8 for the other two-sided cell, we
need to work in the standard parabolic subgroup W E7 (the Weyl group
of type E7) of W . Let u0 be the longest element of W E7. Denote by U9
and U14 the two-sided cells of W E7 with a-values 9 and 14, respectively.
Then u0U9 = U14 (see [5, 13.4]).
We have w13567 ∈ U9. Let y17 = u0w13567. Then y17 ∈ U14 ⊂ W14 with

My17
 = 700. By [6], we know that the element x18 = w13567 · 42563142534
is in U9. Let y18 = u0x18. Then y18 ∈ W14 with 
My18
 = 5375 (note
that the sets My17 and My18 are deﬁned in W rather than in W E7).
By Corollary 4.6, the set My17 ∪My18 is distinguished with cardinality
6075, which forms an l.c.r. set for 14 1. The left cell graphs corresponding
to My17 and My18 are denoted by 70014 1 and 537514 1, respectively.
We have w1235678 ∈ W14 \ 14 1 with 
Mw1235678
 = 2184. Take the
unique element x19 in Mw1235678 with x19 = 4 and lx19 = 39. Set
y19 = x19 · 8. Then x19 y19 is a primitive pair with 
My19
 = 651. By
Corollary 4.6, the set Mw1235678 ∪My19 is distinguished with cardinality
2835, which forms an l.c.r. set for 14 2. The left cell graphs corresponding
to Mw1235678 and My19 are denoted by 218414 2 and 65114 2, respectively.
612 W15 is a union of two two-sided cells 15 1 and 15 2. By Table I,
we know that the numbers of left cells in 15 1 and 15 2 are 5600 and 4200,
respectively.
We have w13456 ∈ W15 with 
Mw13456
 = 3200. Take the unique element
x20 in Mw13456 with x20 = 4 and lx20 = 47. Set y20 = x20 · 1. Then
x20 y20 is a primitive pair with 
My20
 = 2400. By Corollary 4.6, the
set Mw13456 ∪My20 is distinguished with cardinality 5600, which forms
an l.c.r. set for 15 1. The left cell graphs corresponding to Mw13456 and
My20 are denoted by 16815 1 and 240015 1, respectively.
We have w234578 ∈ W15 \15 1 with 
Mw234578
 = 168. Take the unique
element x21 in Mw234578 with x21 = 4 7 and lx21 = 26. Set y21 =
x21 · 1. Then x21 y21 is a primitive pair with 
My21
 = 3332. Take the
unique element x22 in My21 with x22 = 4 and lx22 = 46. Set
y22 = x22 · 8. Then x22 y22 is a primitive pair with 
My22
 = 700. By
Corollary 4.6, the set Mw234578 ∪My21 ∪My22 is distinguished with
cardinality 4200, which forms an l.c.r. set for 15 2. The left cell graphs
corresponding to Mw234578, My21, and My22 are denoted by 16815 2,
333215 2, and 
700
15 2, respectively.
613 W16 is a two-sided cell of W . We have w124567, w1234678 ∈ W16
such that 
Mw124567
 = 1569 and 
Mw1234678
 = 420. Take the unique
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element x23 in Mw124567 with x23 = 4 7 and lx23 = 30. Set y23 =
x23 · 1. Then x23 y23 is a primitive pair with 
My23
 = 2184. Take the
unique element x24 inMw1234678 with x24 = 4 7 and lx24 = 41. Set
y24 = x24 · 1. Then x24 y24 is a primitive pair with 
My24
 = 378. Take
the unique element x25 ∈ My23 with x25 = 2 3 4 5 8 and lx25 =
23. Set y25 = x25 · 7. Then x25 y25 is a primitive pair with 
My25
 = 168.
Take the unique element x26 in My24 with x26 = 1 4 7 and lx26 =
47. Set y26 = x26 · 8. Then x26 y26 is a primitive pair with 
My26
 = 210.
Take the unique element x27 in Mw1234678 with x27 = 4. Set y27 =
x27 · 2. Then x27 y27 is a primitive pair with 
My27
 = 756. By 2.3(4) and
Corollary 4.6, the set Mw124567 ∪My24 ∪My25 ∪Mw1234678 ∪My27
is distinguished with cardinality 3291. The set y ∈My23 
 y = 1 4
contains two elements which have the same generalized τ-invariant. On
the other hand, the set y ∈ My26 
 y = 1 2 3 4 contains three
elements which have the same generalized τ-invariant. Since nW16 =
4480 (see Table I), we must have 
 ∩My23
 = 2 and 
′ ∩My26
 = 3
for all the left cells , ′ of W16 with  ∩My23 	=  	= ′ ∩My26. We
can pick maximal distinguished subsets Ny23 with cardinality 1092 from
My23 and Ny26 with cardinality 70 from My26. The set Mw124567 ∪
Ny23 ∪My24 ∪My25 ∪Ny26 ∪Mw1234678 ∪My27 is distinguished
with cardinality 4480, which forms an l.c.r. set for W16. The left cell graphs
corresponding to Mw124567, Ny23, My24, My25, Ny26, Mw1234678,
and My27 are denoted by 156916 , 109216 , 37816 , 16816 , 7016, 42016 , and 75616 ,
respectively.
614 W20 is a two-sided cell of W . We have w23456 ∈ W20. Then
Mw23456 is a distinguished set with cardinality 2100 by Corollary 4.6.
Therefore Mw23456 is an l.c.r. set for W20 by Table I. The corresponding
left cell graph is denoted by 210020 .
615 By Theorem 5.3, we have actually got an l.c.r. set for any two-sided
cell of W . Table II is the full list for the left cell graphs of W .
As an example, we provide the graph of 504 in the Appendix.
616 The computation in this section yields the following interesting
property for the Weyl group W of type E8. Given an element x ∈ W ,
if y z ∈ Mx have the same generalized τ-invariant, then y ∼L z. This
property along with Table II provides a useful technique in determining the
isomorphism class to which Lx belongs. Let Ly be a left cell graph
in Table II and let xy =  ∈ MLy 
  = x, where MLy is
the vertex set of Ly. Then Lx ∼= Ly if and only if there exist
a unique left cell  ∈ xy and some element (and hence any element, by
Proposition 4.5) z ∈  such that x z have the same generalized τ-invariant.
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TABLE II
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Another phenomenon revealed from the above observation is thatLx ∼=
Ly provided that x y have the same generalized τ-invariant.
617 Remark. Recall that in Section 6.10 we ﬁnd an A-saturated distin-
guished subset My15 with cardinality 840 in the two-sided cell 13 2 by
using the map w → w0w in W . Now we introduce another way to ﬁnd
an A-saturated distinguished subset of 13 2 with cardinality 840 by assum-
ing the knowledge of the left cell graphs in all the two-sided cells  of W
with 13 	= a 20. This will be applied to the description of the excep-
tional left cells of W in the next section. Let v be the unique element in
My14 with v = 1 3 4 7 8. Set v1 = v · 6. Then the setMv1 is distin-
guished with cardinality 840. To check the inclusion v1 ∈ 13 2, it sufﬁces
to show that av1 = 13 since we have already known that y14 ∈ 13 2.
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Take the unique element v2 in Mv1 with v2 = 4 and lv2 = 49. Set
v3 = v2 · 1. Then the set Mv3 is distinguished with 
Mv3
 = 3332. Com-
paring the graph v3 with the left cell graphs in all of the two-sided cells
 with a > 13 (see Table II), we conclude that the element v3 must be
in the two-sided cell 15 2; i.e., av3 = 15. This implies 13 av1 15 by
2.3(2). Since no left cell graph in W14 and W15 is isomorphic to v1,
this implies av1 = 13 and hence Mv1 is a required A-saturated distin-
guished set in 13 2.
7. EXCEPTIONAL LEFT CELLS OF W E8
In the present section, we will use the previous results to characterize all
of the left cells of the Weyl group W of type E8.
71 The generalized τ-invariant is an important invariant for the left
cells of a Coxeter group 	 . Two elements in the same left cell of 	 must
have the same generalized τ-invariant. But the converse is not true in gen-
eral. Two elements of 	 having the same generalized τ-invariant are not
necessarily in the same left cell of 	 . We will see such a phenomenon
when 	 = W is the Weyl group of type E8. However, even in this case the
generalized τ-invariants can still characterize most of the left cells of W .
72 A left cell graph  in Table II is called exceptional if there exists
another left cell graph ′ in Table II with  ∼= ′, or equivalently, if 
is the one or the opposite of the one in Table III.
A left cell of W is exceptional if it occurs as a vertex in some exceptional
left cell graph. From Table II, we see that most of the left cells in W are
non-exceptional.
From the above table we see that any exceptional left cell graph is iso-
morphic to an essential graph x for some x ∈ W and that two excep-
tional left cell graphs are isomorphic if and only if either they or their
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of its left cell graphs. Then by direct observation we see that the relation
it  LR · · ·  LRi1 holds and that if  is a two-sided cell of W satisfying
ij+1  LR  LRij for some j, 1 j < t, then  ∈ ij ij+1.
Denote by d the isomorphism class of the exceptional left cell graphs
containing some di in Table III.
From Table II, we get the following result.
7.3. Theorem. In the Weyl group W of type E8, the generalized
τ-invariants characterize all the non-exceptional left cells.
By this theorem, to determine whether or not x y ∈ W satisfy the relation
x∼L y we need only consider the case when x y are in the exceptional left
cells and have the same generalized τ-invariant. By the results in Section 6,
we have the following.
7.4. Lemma. Assume that x y ∈ W are in exceptional left cells and have
the same generalized τ-invariant. Then x∼L y if and only if ax = ay.
Note that the relation x∼L y always implies ax = ay by 2.3(2). The
above lemma tells us that the a-values and the generalized τ-invariants
together can characterize all the exceptional left cells of W .
75 In order to characterize all the exceptional left cells in W we need
to determine the a-value of an element in some exceptional left cell. It is
relatively difﬁcult to compute the a-value of an element directly. Thus we
adopt the following method instead. Select one left cell  in each excep-
tional left cell graph  with the property that  is unique among the
labelings of the vertices of  (indeed, such a  always exists in any left
cell graph of W ). Then describe these left cells  explicitly by expressing
all the elements of  in the alcove forms and storing the information in
a disk (To save time, the number of the selected exceptional left cells for
each isomorphism class of graphs can be one less than that of the excep-
tional left cell graphs occurring in the corresponding row of Table III; see
Sections 7.7–7.14 below.) For an arbitrary element x in an exceptional left
cell we take the element z ∈ Mx with z the speciﬁed one. The value
az can be read out from Table IV below. Then the a-value of x follows
from the equation ax = az.
76 For x ∈ W , we denote by x the left cell containing x. We shall sort
the elements of each selected exceptional left cell of W into certain sets of
the form Mx. Our computation relies on the knowledge of the degrees
of cell representations, which can be found in [5, 13.2]. In Sections 7.7–7.14
we shall use “d” as the title of these subsections, which is a short form
of the full phrase, “The selected left cells in the left cell graphs isomorphic
to d”. The elements yi, i ∈ , occurring in these subsections are deﬁned
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as in Section 6. Also, the pairs ci di, i ∈ , produced in these subsections
are all primitive pairs.
77 50. There are three selected exceptional left cells in this class. As
indicated above, we need deal with only two of them.
Let z1 = w1257. Take the unique element b1 ∈Mz1 with b1 = 3 7
and lb1 = 6. Set c1 = b1 · 1. Then 
Mc1
 = 160.
Take the unique element b2 ∈Mc1 with b2 = 3 5 7 and lb2 = 8.
Set c2 = b2 · 2. Then 
Mc2
 = 50.
We now have z1 =Mz1−1 ∪Mc1−1 ∪Mc2−1 by [5, 13.2].
On the other hand, let z2 be the unique element in My1 ⊆ W5 with
z2 = 1 2 5 7. We have 
Mz−12 
 = 510. Take the unique element b3 ∈
Mz−12  with b3 = 4 and lb3 = 16. Set c3 = b3 · 7. Then 
Mc3
 =
50. We now have z2 =Mz−12 −1 ∪Mc3−1 by [5, 13.2].
78 875. Let z3 be the unique element in My7 ⊆ W9 such that
z3 = 1 3 4 6 8. We have 
Mz−13 
 = 972. Take the unique element




Take the unique element b5 ∈ Mc4 with b5 = 4 and lb5 = 32.
Set c5 = b5 · 8. Then 
Mc5
 = 175.
Take the unique element b6 ∈ Mc5 with b6 = 4 and lb6 = 40.
Set c6 = b6 · 3. Then 
Mc6
 = 875.
We now have z3 = Mz−13 −1 ∪ Mc4−1 ∪ Mc5−1 ∪ Mc6−1 by
[5, 13.2].
79 175. Let z4 z5 be the unique elements in My6 ⊆ W9 and
My11 ⊆ 10 2, respectively, withz4 = z5 = 1 2 3 5 6 8. We have

Mz−14 
 = 972. Take the unique element b7 ∈ Mz−14  with b7 = 4
and lb7 = 27. Set c7 = b7 · 1. Then 
Mc7
 = 1218.
Take the unique element b8 ∈ Mc7 with b8 = 4 and lb8 = 31.
Set c8 = b8 · 8. Then 
Mc8
 = 175.
Take the unique element b9 ∈ Mc8 with b9 = 4 and lb9 = 39.
Set c9 = b9 · 3. Then 
Mc9
 = 875.
We now have z4 = Mz−14 −1 ∪ Mc7−1 ∪ Mc8−1 ∪ Mc9−1 by
[5, 13.2].
On the other hand, we have 
Mz−15 
 = 651. Take the unique element




Take the unique element b11 ∈ Mc10 with b11 = 1 2 5 6 7. Set




Take the unique element b12 ∈ Mc11 with b12 = 4 and lb12 =
43. Set c12 = b12 · 1. Then 
Mc12
 = 574.
Take the unique element b13 ∈Mc12 withb13 = 4 and lb13 = 58.
Set c13 = b13 · 7. Then 
Mc13
 = 175.
Take the unique element b14 ∈ Mz−15  with b14 = 4 and lb14 =
34. Set c14 = b14 · 1. Then 
Mc14
 = 574.
Take the unique element b15 ∈Mc14 withb15 = 4 and lb15 = 42.
Set c15 = b15 · 7. Then 
Mc15
 = 175.
We now have z5 = Mz−15 −1 ∪ Mc10−1 ∪ Mc11−1 ∪ Mc12−1 ∪
Mc13−1 ∪ c14−1 ∪Mc15−1 by [5, 13.2].
710 972 Let z6 = w13567 be the unique element in Mw13567 ⊆ W9
with z6 = 1 3 5 6 7. z6 = Mz6−1 ∪My5−1 ∪My6−1 ∪My7−1
by [5, 13.2] (see 6.6).
711 651. Let z7 = w123567 z8 z9 z10 be the unique elements in
Mw123567 ⊆ 10 2, My12 ⊆ W11, My14 ⊆ 13 2, and My19 ⊆ 14 2,
respectively, such that z7 = z8 = z9 = z10 = 1 2 3 5 6 7.




Take the unique elements b16 b17 ∈ Mz−18  with b16 = b17 =





 = 651. Then z8 = Mz−18 −1 ∪ Mc16−1 ∪
Mc17−1 by [5, 13.2]. We have 
Mz−19 
 = 3045.
Take the unique element b18 ∈ Mz−19  with b18 = 4 and
lb18 = 43. Set c18 = b18 · 8. Then 
Mc18
 = 651. Take the unique
element b19 ∈ Mc18 with b19 = 1 3 4 7 8. Set c19 = b19 · 6. Then

Mc19




Take the unique element b20 ∈ Mz−120  with b20 = 4 and lc20 =
60. Set c20 = b20 · 8. Then 
Mc20
 = 651. We have z10 = Mz−110 −1 ∪
Mc20−1 by [5, 13.2].
712 840. Let z11 be the unique element in My15 ⊂ 13 2 with
z11 = 1 3 4 6 7 8. Then 
Mz−111 
 = 3045. Take the unique element
b21 ∈ Mz11−1 with b21 = 4 and lb21 = 56. Set c21 = b21 · 8.
Then 
Mc21
 = 651. Take the unique element b22 ∈ Mc21 with
b22 = 1 3 4 7 8. Set c22 = b22 · 6. Then 
Mc22
 = 840. We have
z11 =Mz−111 −1 ∪Mc21−1 ∪Mc22−1 by [5, 13.2].
713 700. Let z12 z13 be the unique elements in My17 ⊂ 14 1 and
My22 ⊂ 15 1, respectively, such that z12 = z13 = 2 3 4 5 8.
Then 
Mz−112 
 = 700. Take the unique element b23 ∈ Mz−112  with
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b23 = 1 2 3 5 6 7. Set c23 = b231. Then c23 < b23. By 2.3(2) we
have ac23 ab23 = 14. Note that the set Mc23 is distinguished with

Mc23
 = 5375. Comparing c23 with the left cell graphs in Table III,
we see that the only left cell graph of W isomorphic to c23 is 537514 1.
So ac23 = 14 and hence z12 = Mz−112 −1 ∪ Mc23−1 by [5, 13.2].
On the other hand, we have 
Mz−113 
 = 168. Take the unique element
b24 ∈ Mz−113  with b24 = 4 7 and lb24 = 50. Set c24 = b24 · 1.
Then 
Mc24
 = 3332. Take the unique element b25 ∈ Mc24 with
b25 = 4 and lb25 = 64. Set c25 = b25 · 8. Then 
Mc25
 = 700. We
have z13 =Mz−113 −1 ∪Mc24−1 ∪Mc25−1 by [5, 13.2].
714 168. z14 = w234578 is the unique element in the set Mw234578 ⊂
15 2 with z14 = 2 3 4 5 7 8. Then z14 = Mz14−1 ∪My21−1 ∪
My22−1 by [5, 13.2] (see Section 6.12).
Now we can state the following result which can be used to determine
the a-value of an element in an exceptional left cell of W .
7.15. Proposition. Let x be an element of W with Lz (z = x or
w0x) isomorphic to 50, (resp. 875, 175, 972, 651, 840, 700, or
168). Then there is a unique element y ∈ Mz with y being 1 2 5 7
(resp. 1 3 4 6 8, 1 2 3 5 6 8, 1 3 5 6 7, 1 2 3 5 6 7, 1 3 4 6 7 8,
2 3 4 5 8, or 2 3 4 5 7 8). We have Table IV and
ax =
{
az if z = x,
aw0z if z = w0x.
7.16. Example. Let x = 134125734 and y = 26543462574. Determine whether
or not x and y lie in the same left cell of W .
Step 1 Check the equality x = y. If x 	= y, then x and
y must lie in different left cells (see 2.2). Otherwise, we have to perform
Step 2 below. In the present case, we have x = y = 4 7.
Step 2 Calculate the A-saturated graphs x and y and com-
pare the generalized τ-invariants of x and y, which can be done via
graph-chasing. If x and y have different generalized τ-invariants, then they
must lie in different left cells (see 4.5(a)). Otherwise, the corresponding
left cell graphs Lx and Ly must be isomorphic by the observation
in 6.16 and so Step 3 below is needed. In the present situation, x and y
have the same generalized τ-invariant. So Lx ∼=Ly.
Step 3 Determine the isomorphism class of left cell graphs to which
Lx (or Ly) belongs. This can be easily worked out by the technique
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given in Section 6.16 together with Table II. If Lx is non-exceptional,
then x and y lie in the same left cell by Theorem 7.3. Otherwise, perform
Step 4 below. In this example, Lx ∼= Ly ∼= 50, an exceptional left
cell graph.
Step 4 Now x and y belong to some exceptional left cells. Apply Propo-
sition 7.15 to the calculation of the a-values of x and y. If ax = ay, then
x and y lie in the same left cell by Lemma 7.4. Otherwise, they do not.
For the present example, we pick the unique elements w1 ∈ Mx and
w2 ∈ My with w1 = w2 = 1 2 5 7 (see the Appendix). More
precisely, w1 = x43 = 1341257 and w2 = y41 = 26543461257. Then w1 ∈ z1 and
w2 ∈ z2 . By Table IV, we see ax = aw1 = 4 and ay = aw2 = 5.
Thus, x and y lie in the different left cells of W . Furthermore, x ∈ W4 and
y ∈ W5.
7.17 Remark. The A-saturated graph x may vary when x runs over
a left cell . For example, such a phenomenon occurs in some exceptional
left cell x with x belonging to the isomorphism class 50. Pick the
unique element y ∈ Mc1 with y = 1 2 3 (see 7.7). Since c1 ∈ W4,




 = 160 and 
Mw123
 = 320 (see
6.1). Thus, y 	∼= w123. This phenomenon tells us that it may hap-
pen that there are two elements x∼L y in W such that the graph x is
essential and y is not. An interesting question is whether for any given
left cell  of W , one can always ﬁnd an element x ∈  such that x is
essential.
TABLE IV
Lz ∼= az Lz ∼= az
50
4 if y ∈ z1 
5 if y ∈ z2 
6 otherwise
175
9 if y ∈ z4 
10 if y ∈ z5 
8 otherwise
875
9 if y ∈ z3 
8 otherwise
972
9 if y ∈ z6 
10 otherwise
700
14 if y ∈ z12 
15 if y ∈ z13 
13 otherwise
168
15 if y ∈ z14 
21 if w0y ∈ z14 
16 otherwise
651
10 if y ∈ z7 
11 if y ∈ z8 
13 if y ∈ z9 
14 if y ∈ z10 
12 otherwise
840
13 if y ∈ z11 
12 otherwise
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